STAR-OPERATIONS INDUCED BY OVERRINGS. 



SHARON M. CLARKE 

Abstract. Let D be an integral domain with quotient field K. A 
star-operation * on D is a closure operation A i — ► A* on the set 
of nonzero fractional ideals, F(D), of D satisfying the properties: 
(xD)* = xD and (xA)* = xA* for all x G K* and A G F(D). Let 5 
be a multiplicatively closed set of ideals of D. For ^4 G F(D) define 
As = {x e K | a; J C A, for some / G S}. Then is an overring 
of D and ^5 is a fractional ideal of D$- Let 5 be a multiplicative 
set of finitely generated nonzero ideals of D and A G F(D), then 
the map A 1 — ► is a finite character star-operation if and only 
if for each I E S, I v = D. We give an example to show that 
this result is not true if the ideals are not assumed to be finitely 
generated. In general, the map A 1 — > A$ is a star-operation if 
and only if S, the saturation of S, is a localizing GV-system. We 
also discuss star-operations given of the form A 1 — > C)AD a , where 
D = C\D a . 



1. Introduction 

Let -D be an integral domain with quotient field K. Let X* = K — 
{0}. A fractional ideal A of Z) is a D-submodule of if such that C D 
for some nonzero x G -D. Note that the usual ideals of D, or sometimes 
called integral ideals, are also fractional ideals. Let F(D) be the set 
of nonzero fractional ideals of D and f(D) be the subset of F(D) 
consisting of the nonzero finitely generated fractional ideals of D. Let 
1(D) denote the set of nonzero integral ideals of D. 

Definition 1.1. A star-operation on the set F(D) is a mapping * : 
F(D) — ► F(D) such that for all A, B e F(D), and for all a e K* : 

(1) (a)* = (a) and (aA)* = aA*, 

(2) A C A*, and AC B implies that A* C B* , and 

(3) (A*)* = A*. 

Note that in Definition (jl.lj) . the equality (a)* = (a) could be re- 
placed by the equality D = D* since (a)* = (aD)* = aD* = aD = (a). 

For a brief introduction to star-operations, see Sections 32 and 
34]. However for a more detailed discussion, see [7j or jH]. 
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For any star-operation * and A,5e F(D), we have that (A + B)* = 
(A* + B*)* and (AB)* = (AB*)* = (A*B*)*. A star-operation * dis- 
tributes over intersections if (A fl B)* = A* n B* for all A, £? G F(D). 
This is easily seen to be equivalent to (Ai fl • • • fl A n )* — A* fl • • • D A* 
for all (integral) A% , . . . ,A n G F(D). We say that a star-operation * 
distributes over arbitrary intersections if 7^ nA a =>- (nA a )* = nA* 
for all A G F{D). 

A star-operation * has finite character if, for each A G F(D), we 
have that A* = U{B* | 5 G /(D) and B C A}. If * is a star- 
operation on F(D), we can define a finite character star-operation * s 
by A 1 — ► A* s = U{B* I £ G /(£>) and 5 C A}. If A G /(D), then 
A* = A* s . Three important examples of star-operations are the d- 
operation, the v- operation, and the t- operation. The ^-operation is the 
identity operation A& = A for all A G F(D). The v -operation is defined 
by A 1 — ► A v = (A- 1 )' 1 , where A' 1 = [D : A] = {x G K \ xA C £>}, 
or equivalently A 1 — > A<, = Pl{(a;) A C (j;),0/ x 6 if}. Throughout 
this paper, for A, B G -F(-D), [A : B] = {x G if | xB C A}, and 
(A:B) = {iGD|xBCA} = [A:B]nD. Note that for any star- 
operation *, A* C A v for all A G F(D). The t-operation is defined by 
A 1 — ► At = U{-B„ I 5 G /(D) and D C A}. Note that t = v s . Other 
examples of star-operations will be given and defined in this paper. 

Suppose that *i and *2 are two star-operations on F(D), then *i < * 2 
if A* 1 C A* 2 for all A G F(D) (or equivalently, F* 2 (D) C F^(D)), and 
*i = * 2 if A* 1 = A* 2 for all A G F(D). The star-operations *i and * 2 
are equivalent if A* 1 = A* 2 for all A G f{D). According to [S], for any 
star-operation *, d < * < v. 

A ring D' is said to be an overring of D if D C D' C if. Let iS be 
a multiplicatively closed set of ideals (or a multiplicative set of ideals) 
of D, i.e, i, J G S implies that IJ G S. For a fractional ideal A of 
.D, define A5 = {x G if | xl C A, for some i G 5}. Then D5 is an 
overring of D, called the S-transform of D, and As is a fractional ideal 
of Ds- In [4J, Arnold and Brewer discuss the relationship between the 
ideal structure of a commutative ring R and that of the iS-transform 
of R. 

Let S be a multiplicative set of ideals of D. The saturation, S, of 
S is defined as S = {A | i C A C D, for some i G 5}. We say 
that S is saturated if <S = S. Note that S = S so the saturation 
of a multiplicative set of ideals is saturated. It is easily proved that 
I, J G S implies that I J G S. So 5 is a multiplicative set of ideals. 
Clearly A s = A§. 
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Definition 1.2. A nonempty set T of ideals of D is a localizing 
system if 

(1) I G T and J an ideal with I C J C D imply that J G T , and 

(2) I & J 7 and J an ideal with (J : i) G T for all i £ I imply that 

J eF. 

In Section 2, we investigate when the map A i — > As is a star- 
operation. This question is answered for S a multiplicative set of ideals 
of D and for S a multiplicative set of finitely generated ideals of D. An 
obvious necessary condition is that D$ = D. We also determine when 
this star-operation has finite character and we give an example where 
the map A i — > A s is not a star-operation. 

In Section 3, we characterize when star-operations of the form A i — > 
(lAD a , with D = C\D a , have finite character. 

I give an idea of what I will be working on in the near future in 
Section 4. 

2. Star-operations and Generalized Quotient Rings 

Recall that a star-operation has finite character if for each A G F(D), 
A" = U{B* | B G f(D) and B C A}. 

Note that the ^-operation and the t-operation (defined in the intro- 
duction) have finite character, but the f-operation need not have finite 
character. 

Definition 2.1. Let S be a multiplicatively closed set of ideals of D. 
Then for A G F(D), A s = {x G K \ xl C A, for some I G S}. 

Recall also that D s is an overring of D, and if A is a fractional ideal 
of .D, then A s is a fractional ideal of D s . 

Definition 2.2. Let D be an integral domain and-k a star- operation on 
F(D). Then we define S± = {I G 1(D) | P = D} and 5/ = {/ G \ I 
is finitely generated} . In particular, S v = {I G 1(D) \ I v = D or 
J -1 = D} and S£ = {I E S v \ I is finitely generated }. 

Definition 2.3. Let I G F(D), then I is said to be a GV-ideal (Glaz- 
Vasconcelos ideal) if I v = D, or equivalently I~ l = D. A multiplicative 
set S is said to be a GV-system if S C S v . 

Proposition 2.4. D = D s if and only if S C S v . 

Proof. (=>■) Let I eS. Since r 1 ! C D, r 1 C D s = D. We know that 
D C I- 1 . Therefore I~ l = D. So I e S v . Hence S C S v . 

(<^=) Now D C Dg. Let x G Ds, then there exists / G S C S v such 
that xl C D. This implies that x E [D : I] = J -1 = D since I G 5^. 
Therefore C D, and hence D = D s . □ 
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Proposition 2.5. Let S be a multiplicative set of nonzero ideals of D. 
Let A,B,A 1 , . . . ,A n e F(D) and a £ K* , then 

(1) A C B implies that A s C B s , 

(2) A C A 5; 

(Sj (aA) 5 = aA 5; 

#J (A x n • • • n A n ) s = A ls n • • • n A„ s; 

f5j If A and B are integral ideals of D with As = Bs = Ds, then 
(AB) S = D s , and 

(6) The following are equivalent: 

(a) S C S v , 

(b) D = D S , and 

(c) (a)s = (a) for all a £ K* . 

Proof. (1) Let x £ As, then there exists / £ S such that xl C A C D. 
Therefore x £ -B5 by definition. Hence As C S5. 

(2) Let x £ A and I € S, then xl C AD C A. So x £ As, and 
therefore A C As- 

(3) Let x £ (aA)s, then there exists I £ 5 such that x/ C aA Since 
K is a field and a £ iT\ then -I C A So - £ As- Therefore x £ a As- 
So (a A) 5 C a As- 

Suppose x £ a As, then ^ £ As since K is a field and a £ If*. 
Therefore there exists / £ S such that -/ C A This implies that xl C 
so x £ (aA)$. Therefore aA C (aA) s , and hence (aA)s = aA s . 

(4) Since Ai H • • • fl A n C A for each i = 1, . . . ,n, then by (1) 
(An- • -H A)s C A is for each % = 1, . . . , n. Therefore (An- • -n A)s C 

A s n---nA ns . 

Let x £ Ax s D • • • D A ns , then x £ A s f° r each % = 1, . . . , n. There- 
fore there exist I\, . . . ,I n £ S such that xl\ C A, • • • 3 a^n A- So 
for each A we have x/i ■ ■ ■ I n = xl\ I n C x/j C A- There- 

fore xl\ ■ ■ ■ I n Q A\ fl - • • H A. Since 5 is multiplicatively closed, 
J r -l n 6 5. Therefore x £ (A fl ■ • • fl A)s- Thus A s H - - - H A„ s C 
(Ai n • • • H A n ) 5 , and hence {A x n • • - n A n )s = Ai s n • - • H A„ 5 . 

(5) Suppose that A, B £ /(D). Then AD C D. Therefore (AB) S C 

Since A 5 = D 5 , 1 £ A 5 . This implies that there exists I & S such 
that 1/ C A. Similarly, D^ = Ds implies that there exists J £ S 
such that 1J C 5. So 1/J = 1/U C AS. Therefore since IJ £ 5, 
1 £ {AB) S . So D s C (AB)s- Hence (AD) 5 = D 5 . 

(6) (a) -v^ (6) This is true by Proposition 12.41 

(6) =>- (c) Suppose D = Ds, and let a £ K* . Then (a) = aD = 
aD s = (aD) s = (a) s . 
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(c) (b) 1 G K*. So take a = 1. Then by (c), (l) s = (1). Therefore 
Ds = (1)5 = (1) = D. □ 

We now state our first theorem which characterizes when the map 
A 1 — > Ag, for A G F(D) and S a multiplicative set of finitely generated 
nonzero ideals, is a star-operation. 

Theorem 2.6. Lei 5 fre a multiplicative set of finitely generated nonzero 
ideals of D. The map A 1 — > A$ (A G F(D) ) is a star- operation if and 
only if S C S v . In this case the star- operation A 1 — > A$ has finite 
character. 

Proof. (=^) Suppose the map A 1 — > A s is a star-operation, then D = 
D s . Therefore S C S v , by Proposition 12.51 

(<^=) Since S is a multiplicative set of nonzero ideals, then by Propo- 
sition (123)) . A C A s (and thus v4 5 C (A s ) s ), (xA) s = xA s , and AC B 
implies that As C £? 5 . Also by Proposition 12.51 since 5 C 5„, then 
(%)s = (#) for all x G fT*. So it suffices to show that (As)s C As- 

Let x G (^5)5, then there exists / G S such that xl C A5. J is 
finitely generated so suppose that / = (x\, ...,x n ). Then for each 
G Therefore for each Xj, there exists A; e 5 such 

that xx,iAi C A. This implies that xxj niLi 4 ^= xXiAi C A for each 
Xj. So ^nr=i^* — ^ ^ or eacn Now -^nr=i^« e $ since iS is 
multiplicatively closed. Therefore x G As, and hence (A s ) s C A 5 . So 
the map A 1 — > A$ is a star-operation. 

We now proceed to show that the map A 1 — > As has finite character 
(i.e, show that A s = U{B S | B G f(D) and B C A}). 

Let a; G U{£? 5 | B G /(D) and B C A}, then x e B s such that 
£? G /(-D) and £? C A for some B. But B <Z A implies that B s C A 5 . 
Therefore x G A 5 , and hence U{B S \ B G /(-D) and BU}C v4 5 . 

Let x G 4s, then there exists I & S such that x/ C A. Since 
J is finitely generated, xl is a finitely generated fractional ideal con- 
tained in A. So if we let B = xl, then xl = B implies that x G 
B s . So x G U{5 5 I ^ e /(£>) and B C A}. Therefore A 5 C 
U{£? 5 I 5 G f(D),BC A}, and hence A 5 = U{£? 5 | 5 G f(D) and 
BC A}. Thus the map A 1 — > As has finite character. □ 

Note that the above result is false if the ideals in S are not assumed 
to be finitely generated as the following example will show. But first, 
we state a corollary to Theorem 2.6 

Corollary 2.7. Let S be a multiplicative set of finitely generated nonzero 
GV-ideals of D. Then the map A 1 — > As = A* is a finite character 
star- operation on D that distributes over finite intersections. 
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Proof. Since S is a multiplicative set of GV-ideals, S C S v by definition. 
Also 5 consists of finitely generated ideals by hypothesis. Therefore 
by Theorem 12.61 the map A i — > A$ = A* is a finite character star- 
operation on D. By Proposition 12 . 51 we have that the map A i — > = 
A* distributes over finite intersections. □ 

Example 2.8. Let D = K[{x n }™ =1 ], where K is a field, and let M = 
({i„}™ =1 ). Then M is a maximal ideal of D. Now M v = D. Let 
5 = {M n }™ =1 . Now M v = D implies that (Jlf) t = D for each n. So 
5C5„. Therefore D — D s by Proposition O Let A = ({i n M"}™ =1 ). 
Now x n M ra C A so x n G A 5 . Hence M = ({x„}^° =1 ) C A s . Now 1 $ A s 
for lM n = M n <£. A for any n. So since M C A s C L> and M is a 
maximal ideal of D, M = As- Therefore Ms = (As)s- 

Now M eS, and 1M C M. Therefore 1 e M s and thus M 5 = D s . 
So (A 5 )s = M s = D s = D. Hence A 5 = M C D = (A s )s- Therefore 
in this example, the map A 1 — > As is not a star-operation. 

Next, we give a more general characterization of Theorem 12.61 But 
first, we look at some useful results. 

Recall that for, S, a multiplicative set of ideals of D, the saturation 
of S is defined by S = {A | I C A C D, where / G 5}. Clearly 5C5 
since for any J E <S, / C / C D, which implies that I G S. 

Definition 2.9. A nonempty set T of ideals of D is a localizing 
system if 

(1) I G T and J an ideal with I C J C D imply that J G T ' , and 

(2) I G T and J an ideal with (J : i) G T for all i G / imply that 
J ef. 

Proposition 2.10. Let S be a multiplicative set of ideals of D. Then 
for I G 1(D), Is = D s if and only if I G <S. 

Proof. (=>) Is = Dg implies that 1 G Is- So there exists J e S such 
that 1 J C I. Therefore J = 1J C I C D. Thus I G S. 

(<=) Suppose that / G S. Then there exists J G S such that J C 
I C. D. This implies that 1J — J C. I. Therefore 1 G I5. So C 1$. 
Hence I s = D s . □ 

Theorem 2.11. Let S be a multiplicative set of ideals of D. Then the 
following are equivalent: 

(1) A s = (A s )s for each A G F(D), 

(2) Is = (Is)s for each I G 1(D), and 

(3) S is a localizing system. 

Proof. (1) (2) This is clear since 1(D) C F(D). 
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(2) =^> (3) Suppose that I E <S and I C J C D for some ideal J in 
D. Then by definition, J E S = S . 

Now suppose that I E S and J G /(-D) with (J : i) E S for all 
i E I. Thus (J : z)s = D$ by Proposition 12.101 So (J : z)z C J gives 
(J : z)s(z)s C J 5 and hence for each i E I, i E (i)s = (i)sDs = (J ■ 
i)s(i)s Q Js- This implies that I C J 5 . Thus 1$ C (Js)s = J5. The 
last equality follows from the hypothesis. Now by Proposition 12.101 
Is = D s so D s = I s C J 5 C Z} 5 . Hence = D5, and so again by 
Proposition 12. 101 J E S. So S is a localizing system. 

(3) =>■ (1) Suppose that 5 is a localizing system and let A E F(D). 
We know that As C (^5)5. Let a; G (^.5)5. Then there exists I E S 
such that x/ C A s . Let J = (A : x). Then J G 1(D). Now for 
i E I, xi E As- So there exists Ji E S such that xiJj C A. So 
iJi Q (A : x) = J, that is Ji C (J : z) . Hence (J : i) E <S for each i G / 
since 5 is a localizing system. So J G <S, again since S is a localizing 
system. Now a;J C A so x G As = As- Thus (^5)5 C As- Hence 
^4<s = (A s )s- ^ □ 

We now state the more general characterization of Theorem 12.61 

Theorem 2.12. Let S be a multiplicative set of ideals. Then for A E 
F(D), the map A 1 — > As is a star- operation if and only if S is a 
localizing GV-system. 

Proof. Suppose that the map A 1 — > As is a star-operation for 
A E F(D). Then As = (As)s- Therefore S is a localizing system by 
Theorem I2TT1 

Let I E S. Then there exists J E S such that J C I C D. Since 
the map A \ — > As is a star-operation, (x)s = (x) for all x E K*. So 
5 C 5„ by Proposition 12.51 This implies that J v = D. So D = J v C 
Iv ^ F) v = D. Therefore I v = D which implies that I E S v . Thus 
iS C S v . Hence S is a localizing GV-system. 

(<=) Since 5 is a GV-system, <S C S v . So 5 C S C «S„, and thus 
D = by Proposition 12.51 

Since 5 is a localizing system, = (As)s for all A E F(D) by 
Theorem 12.111 The other conditions for a star-operation are satisfied 
by Proposition 12.51 Hence the map A 1 — > As is a star-operation. □ 

3. Star-operations induced by the localizations of D 

In this section, we study the star-operations that are induced by 
localizations Dp a of D at P a where {P a } is a collection of nonzero 
prime ideals of D. We then extend our study to the case where the 
star-operations are induced by arbitrary overrings of D. 
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Lemma 3.1. Let A, 5 £ F(D). Then (A : 5)5 UnB. If B is 
principal, then (A : B)B = An B. 

Proof. Let a £ (A : B). Then aB C A. Therefore (A : 5)5 C A. 
Suppose a £ (A : B) and b £ B. Then ab £ B since a £ D. Therefore 
(A : 5)5 C 5. Thus (A : B)B CAn5. 

Suppose 5 is principal, then 5 = (x) for some x G K*. Let a G Af5. 
Then a G A and a £ B. Now a £ B = (x) implies that a = bx 
for some b £ D, and a G A implies that for = a G A. Therefore 
b(x) = b(xD) = (bx)D UDCA So b £ (A : (x)). This implies that 
a = bx £ (A : (x))(x) = (A : B)B, and thus AnBC(i: 5)5. Hence 
if 5 is principal, then (A : 5)5 = A H 5. □ 

Theorem 3.2. Lei 4, 5 G 5(5), x £ K* and * : 5(5) — ► 5(5) an 
operation satisfying: 

(1) A C 5 implies A* C 5*, 

(jg) (xA)* = xA* ; 

(s) (A n 5)* = A* n 5* ; 

(4) A* = B* = D implies (AB)* = D, and 

(5) D* = D (or equivalently, (x)* = (x) /or a// x G IT*/ 

T/ien = {/ G /(5) | 5 = 5} is a multiplicative set of nonzero 
ideals of D, and A* = As*- 

Proof. Let I, J £ S*. Then 5 = 5 = J*. Therefore (I J)* = 5 by (4). 
So I J £ S+, and thus S+ is a multiplicative set of nonzero ideals of D. 

Let x G A,^. Then there exists I £ S± such that x/ C A. Since 
J G <S*, 5 = 5. Therefore x G x5 = x5 = (xl)* C A*. The second 
equality follows from (2), and the last containment follows from (1). 
So A s , C A*. 

Let x G A*, then (x) C A*. So (x) = A* (1 (x) = A* n (x)* = 
(Af] (x))* = [(A : (x))(x)]* = (A : (x))*(x). The second and third 
equalities are due to (5) and (3) respectively, and the fourth equality 
is due to Lemma I3~T1 So (A : (x))* = 5, and thus (A : (x)) G S+. Now 
x(A : (x)) = (x)(A : (x)) = A H (x) C A. So x G A s +, and therefore 
A* C A 5jt . Hence A* = A 5jt . □ 

We now state our first major theorem of this section. 

Theorem 3.3. Let D = C\Dp a where {P a } is a set of nonzero prime 
ideals of D. Let * be the star- operation defined by A* = C\ADp a . Then 
the following are equivalent: 

(1) The map A i — > D ADp a = A* has finite character, 

(2) A* = D implies that there exists a finitely generated ideal B C A 
with 
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B* = D, and 

(3) If A is an ideal of D with A P a for each a, then there exists a 
finitely 

generated ideal B C A with B ^ P a for each a. 

Proof. (1) =>- (2) Let A G 1(D). Since * has finite character, A* = 
U{P* | B G f(D) and B C A}. So if A* = D, then 1 G D = A* = 
U{P* | B G f(D) and B C A}. So 1 G B* for some B* where B 
is finitely generated. Therefore B* = D for some finitely generated 
ideal B C. A. (The proof shows that this holds for any finite character 
star-operation.) 

(2) (1) Now * distributes over finite intersections. Therefore by 
Theorem 13.21 for a multiplicative subset of D, A* = As+ for all 
A G F(D), and S± C S v . 

Claim 1. A s ^ = A s f for all A G F(D). 

We already know that S{ C 5*. So let A G F(D). Then A s / C A St . 
Let x G As A . Then xl C A for some J G /(P) such that 7* = D. So 
by (2), there exists a finitely generated ideal JCJ with J* = P. Thus 
xJ C xl C A. But J G 5/. Therefore x G A 5 /. This implies that 
A s ^ C A 5 /. Hence A 5t = A 5 /. 

Now = A 5 / for all A G F(D). Therefore for all A G P(P), 
A* = A s ^ = A s f by Claim □ and S( C 5* C 5«. So by Corollary O 
the map A i — > D ADp a = A* has finite character. 

(2) (3) Let A G /(£>) such that A P a for each a. Then A* = P 
by Theorem 1]. Therefore by (2), there exists a finitely generated 
ideal B C A such that B* = D. But by [H Theorem 1], P* = P a for 
each P a G {P Q }. So for each P a , P* = P a C D = 5*. Suppose that 
-B C P a for some a, then P* C P* which is a contradiction. Therefore 
B ^ P a for each a. 

(3) (2) Suppose that A G I(P) with A* = D. Now P* = P Q C 
D = A* for each P a G {P a }- The first equality follows from 1, Theorem 
1]. Suppose that A C\ P a for some a. Then A* C P* which is again a 
contradiction. So j4 ^ P a for each a. Therefore by (3), there exists a 
finitely generated ideal BOA with B P a for each a. But according 
to m Theorem 1], this implies that B* = D. □ 

I am now considering under what conditions Theorem 13.31 can be 
extended to star-operations of the form A i — > C\AD a where D = nD a . 
I have the following result. 

Let D a be an overring of D. According to PQ, a star-operation of 
the form A i — > f)AD a , where D = C\D a , is just the special case of the 



10 



Sharon M. Clarke 



star-operation, * Q , denned by the map A i — > A* = n(AD a )* a , where 
each -k a (the star-operation on the corresponding D a ) is the identity 
operation d on D a . 

Definition 3.4. A right R-module M is flat if and only if for every 
exact sequence of R-modules, 

— ► N' N N" — ► 0, 

the sequence 

— >M® R N' M® R N ^ M ® fl AT" — ► 

is exact. 

Definition 3.5. An overring T of a ring R is a flat over ring if T is 

a flat R-module. 

According to [HI Theorem 3.3], a localization is always flat. 

Theorem 3.6. Let D = C\D a where each D a is a flat overring of D. 
Then for A e F(D), the following are equivalent: 

(1) The map A i — > C\AD a = A* has finite character, and 

(2) A* = D implies that there exists a finitely generated ideal B C A 
with 

B* = D. 

Proof. (1) (2) This follows from Theorem 13.31 

(2) (1) Suppose that A* = D where A* = f)AD a . Recall that the 
operation A i — > A* = C\AD a is a special case of the star-operation * a , 
defined earlier, where each ~k a is the identity operation d on D a . So let 
A, B e F(D„). Then (A n B)*« = (A n B) d = A n B = A d n B d = 
A* a nB* a . Since each D a is flat, (An^)* = A*nB* for all A,B<E F(D) 
by P3 Theorem 2]. That is, * distributes over intersections. We now 
proceed in the same way as in the proof of Theorem 13.31 ((2) =>• (1)) to 
conclude that the map A i — > C\AD a = A* has finite character. □ 

4. Future Work 

In his paper, "Star-Operations Induced by Overrings", D. D. An- 
derson characterized when a star-operation * is given by the map 
A i — > A* = HADp , with D = HD P . 

I am presently working on characterizing when a star-operation * is 
given by the map A i — > A* = DAD a , with D = C\D a . 
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